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• The interaction between Casimir operators and su(2) Lie algebra in the presence of Kerr-like medium is considered.
• The solution of the wave function is obtained using the evolution operators.
• It is found that the Kerr-like medium decreases the amplitude and increases the fluctuations.
• The normal squeezing occurs in the first quadrature and it is sensitive to both the Kerr-like medium paraquat as well as the state.
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a b s t r a c t
In the present communication, we consider the problem of two quantum systems with
the Kerr-like medium nonlinearity. The system is cast form of an interaction between
two operators of the form su(1, 1) Lie algebra and su(2) Lie algebra. We obtain the wave
function via the evolution operator where we use the Heisenberg equations of motion
to derive the constants of motion. We discuss the atomic inversion. It is found that the
Kerr-likemediumdecreases the amplitude and increases the fluctuations. Alsowe consider
different types of squeezing, it is shown that the entropy squeezing is pronounced in the
second quadrature, but it shows a small amount in the first quadrature. For the variance
squeezing, a small amount occurs in the presence of the Kerr-like medium. However, the
normal squeezing occurs in the first quadraturewhere the squeezing is sensitive to both the
Kerr-likemediumparameter and the initial state. Furthermore, the degree of entanglement
is examined through the linear entropy. It is shown that the function decreases besides
rapid fluctuations. The correlation function displays nonclassical behavior in addition to
an increase in the amplitude of the fluctuations.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction
One of the most subtle and intriguing phenomena in nature is quantum entanglement [1–3]. Moreover, the idea of
entanglement has proved to be one of the most fertile fields for investigating properties of quantum mechanics. Recently,
it has been used as a physical resource to realize different information tasks, such as quantum cryptography, teleportation,
computation, dense coding and metrology [4–8]. In this sense, much work has been devoted to understand how it can be
quantified and manipulated, see Ref. [9] and references therein. This, in fact, can be seen in quantum mechanics when the
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superposition principle is applied to the states of a composite system that cannot be separated into the product of states of
subsystems. For example, the interaction of an atomwith a quantized electromagnetic field leads to the evolution of the field
(atomic) quantum entropy and an entanglement of these two subsystems, so that the total state vector cannot be written
precisely as the product of time-dependent atomic and field component vectors. This means that entanglement implies the
correlation between separated subsystems and indicates the phenomenon of quantum nonlocality. In the meantime, there
has been a great interest in the possibility of using optical devices for ultra-light-speed data processing. This is the main
object in the quantum information theory, which aims at storing and transferring data [8,10].
One of the promising devices for data transmission is the nonlinear directional coupler that consists of two or more
parallel optical waveguides fabricated from some nonlinear material. Both waveguides are placed close enough to permit
flux-dependent transfer of energy between them by means of evanescent waves. This flux transfer can be controlled by the
device design and the intensity of the input flux as well. In fact, the directional coupler is experimentally implemented, e.g.
in planar structures [11], dual optical fibers [12] and certain organic polymers [13]. Among the different types of directional
couplers, the directional Kerr nonlinear coupler has received much attention as a result of its application in optics as an
intensity-dependent routing switch [14,15]. The directional Kerr nonlinear coupler is useful for low intensity fields and
periodical exchange of energy between the guides; but for high intensity fields, energy is trapped by nonlinearity in the
guide into which it was initially launched (self-trapping effect).
On the other hand, the su (1, 1) algebra (together with the su (2) algebra) has beenmuch utilized in the theoretical study
of the non-classical aspects of light in various quantum optical systems. Note that in a previous communication we have
considered the Hamiltonian [16]
Hˆ
}
= ωKˆz + λ1

Kˆ+ + Kˆ−

+ λ2Kˆ+Kˆ−, (1)
composed of the su (1, 1) Lie algebra operators, to discuss the squeezing phenomenon, where λi, i = 1, 2 are suitable
coupling parameters, ω is a frequency that specifies the model. As one can see, the model does not include any interaction
with the atoms. Therefore, for the above reasons, we generalize this model and consider a Hamiltonian model which
represents the interaction between a two-level atom and su (1, 1) Lie group in the presence of the Kerr-like medium. This
Hamiltonian takes the form
Hˆ
}
= ω0
2
σˆz + ωKˆz + χ

Kˆ+Kˆ−

+ g

Kˆ+σˆ− + Kˆ−σˆ+

(2)
where χ depends in general on the susceptibility, while Kˆ+, Kˆ− and Kˆz are the generators of su (1, 1) Lie group and satisfy
the commutation relation
Kˆz, Kˆ±

= ±Kˆ±,

Kˆ−, Kˆ+

= 2Kˆz (3)
and the corresponding Casimir operator Kˆ is given by
Kˆ 2 = Kˆ 2z −
1
2

Kˆ+Kˆ− + Kˆ−Kˆ+

, (4)
whereas σˆ± and σˆz are the usual Pauli operators (su (2) Lie group generator) which satisfy the relations
σˆz, σˆ±
 = ±2σˆ±, σˆ+, σˆ− = σˆz (5)
while g is the coupling parameter between the atom and the quantum system. The main purpose of this article is to discuss
some statistical properties as well as to see the effect of the Kerr-like medium. For this reason, we organize the paper as
follows: In Section 2, we derive the wave function. The atomic population is discussed in Section 3. Squeezing phenomenon
is considered in Section 4. The degree of entanglement is investigated through the purity in Section 5. We deal with the
correlation function in Section 6 and finally our conclusion is given in Section 7.
2. Wave function
There are different methods to obtain the wave function. One way is to solve the Schrödinger equation using different
methods and techniques [17]. Themain task of this section is to derive the solution of the wave function using the evolution
operator from which we are able to obtain some statistical properties of the present system. This would enable us to study
the behavior of the present system. Thus, we use the model of Eq. (2) as well as the Heisenberg equations of motion for any
operator given by
dQ
dt
= i
}
[H,Q ]+ ∂Q
∂t
(6)
to reach the following set:
iK˙z = λ(Kˆ+σˆ− − Kˆ−σˆ+), iσ˙z = 2λ(Kˆ−σˆ+ − Kˆ+σˆ−). (7)
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From this set, we deduce that the operator N defined as follows:
Nˆ = Kˆz + 12 σˆz, (8)
is a constant of motion.
Therefore, the Hamiltonian (2) can be cast the form
Hˆ/} = Λˆ+ Cˆ (9)
where the operators Nˆ and Cˆ are given by
Λˆ = ωNˆ + χ

Kˆ 2z − Kˆz − Kˆ 2 +
1
4

,
Cˆ = Γˆ σˆz + g

Kˆ+σˆ− + Kˆ−σˆ+

. (10)
The quantity Γˆ is the detuning parameter defined by
Γˆ = ω0 − ω
2
− χ

Nˆ − 1
2

. (11)
It is noted that Γˆ depends on the detuningω0−ω as well as on χ, Kˆz and σˆz . It is easy to show that the operators Λˆ and Cˆ
commute, and hence each of them commute with the Hamiltonian Hˆ . This means that the operators Λˆ and Cˆ are constants
of motion. The time evolution operator Uˆ(t) is given by Uˆ(t) = exp[−itHˆ/}], which can be written in the form
U(t) = exp[−iCˆ t]. exp

−iΛˆt

. (12)
The exponential operator is calculated to take the form
exp[−iCˆ t] =


cos µˆ1t − i δ1
µˆ1
sin µˆ1t

−iλ sin µˆ1t
µˆ1
Kˆ−
−iλKˆ+ sin µˆ1t
µˆ1

cos µˆ2t + i δ2
µˆ2
sin µˆ2t

 , (13)
where we have used the abbreviations
µ2j = δ2j + νj, j = 1, 2 νˆ1 = λ2Kˆ−Kˆ+, νˆ2 = λ2Kˆ+Kˆ−,
δˆ1 =

ω0 − ω
2
− χ Kˆz

,
δˆ2 =

ω0 − ω
2
− χ

Kˆz − 1

, (14)
and dropped the function operator exp

−iΛˆt

.
In what follows the atomic coherent state |θ, φ⟩, which acquires both excited state |e⟩ and ground state |g⟩ for the two-
level atoms, is described by the equation
|θ, φ⟩ = cos(θ/2)|e⟩ + sin(θ/2) exp(−iφ)|g⟩, (15)
where θ is the coherence angle and φ is the relative phase of the two atomic levels. To reach the excited state, we have to
take θ → 0; whereas, to consider the wave function to describe the particle in the ground state, we have to let θ → π .
However, for the su (1, 1) quantum system, we take the Barut–Girardello coherent state of su (1, 1) group which is given by
|β; k⟩ =
 |β|2k−1
I2k−1 (2|β|)
1/2 ∞
n=0
βn√
n!Γ (n+ 2k) |n; k⟩, (16)
where In(x) is the nth-order modified Bessel function,
Ik(x) =
 x
2
k ∞
n=0
(x/2)2n
n!Γ (n+ k+ 1) . (17)
Note that the state |β; k⟩ is an eigenstate of Kˆ−, such that Kˆ−|β; k⟩ = β|β; k⟩, where for one-mode bosonic representation
k is the Bargmann index.
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Assuming that at time t = 0, the system is in the state defined by the wave function |ψ(0)⟩ = |θ, φ⟩⊗ |β; k⟩. Therefore,
if we use Eq. (13), dropping the factor exp

−iΛˆt

and after minor calculations, the wave function for t > 0 takes the form
|ψ(t)⟩ =

cos µˆ1t − iδˆ1
µ1
sin µˆ1t

cos
θ
2
− ig sin µˆ1t
µ1
Kˆ− exp{−iφ} sin θ2

|β; k, e⟩ +

cos µˆ2t + iδˆ2
µ2
sin µˆ2t

× exp{−iφ} sin θ
2
− ig sin µˆ2t
µ2
Kˆ+ cos
θ
2

|β; k, g⟩. (18)
Now, we are in a position to write the reduced density matrix for the system which is given by ρˆf (t) =
Tratom|ψ(t)⟩⟨ψ(t)|, such that
ρˆf (t) = |D(t)⟩⟨D(t)| + |T (t)⟩⟨T (t)|, (19)
where we have defined
|D(t)⟩ =

cos µˆ1t − iδˆ1
µˆ1
sin µˆ1t

cos
θ
2
− iλ sin µˆ1t
µ1
Kˆ− exp{−iφ} sin θ2

|β; k⟩, (20)
and
|T (t)⟩ =

cos µˆ2t + iδˆ2
µˆ2
sin µˆ2t

exp{−iφ} sin θ
2
− ig sin µˆ2t
µ2
Kˆ+ cos
θ
2

|β; k⟩. (21)
In what follows we employ the reduced density operator given by Eq. (19) together with Eqs. (20) and (21) to discuss
some statistical properties of the present system. This will be seen in the following sections.
3. The atomic population
We concentrate in this section on the atomic inversion which represents the difference between the population of the
excited and the ground atomic state. In fact, the use of the atomic inversion enables us to observe the atomic behavior and
to measure when the atom reaches its maximal state. Therefore, to discuss the atomic inversion, one needs to calculate the
expectation value of the operator σˆz . In this case we have
W (t) = ⟨σˆz(t)⟩ = ρ11(t)− ρ22(t), (22)
where
ρ11(t) =
∞
n=0

|Q (n)|2|F11(n, t)|2 cos2 θ2 + |Q (n)|
2|F12(n, t)|2 sin2 θ2
+ Re Q (n)Q ∗(n+ 1)F∗11(n+ 1, t)F21(n, t) exp{−iφ} sin θ  , (23)
and
ρ22(t) =
∞
n=0

|Q (n)|2|F22(n, t)|2 sin2 θ2 + |Q (n)|
2|F21(n, t)|2 cos2 θ2
+ Re Q (n)Q ∗(n+ 1)F∗11(n+ 1, t)F21(n, t) exp{−iφ} sin θ  . (24)
In the above equations, we have used the abbreviations
F11(n, t) = cosµ1t − i δ1
µ1
sinµ1t, F12(n, t) = −i√ν2 sinµ2t
µ2
F22(n, t) = cosµ2t + i δ2
µ2
sinµ2t, F21(n, t) = −i√ν1 sinµ1t
µ1
(25)
whereas
µ1 =

δ21
4
+ λ2 (n+ 1) (n+ 2k), µ2 =

δ22
4
+ λ2n (n+ 2k− 1), (26)
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while
δ1 =

ω0 − ω
2

− χ(n+ k) (27)
and
δ2 =

ω0 − ω
2

− χ(n+ k− 1) (28)
in the meantime, we defined the function Q (n) such that
Q (n) =
 |β|2k−1
I2k−1 (2|β|)
1/2
βn√
n!Γ (n+ 2k) . (29)
In order to discuss the atomic inversion and to see the effect of the Kerr-like medium, we have plotted Fig. 1 for the
function W (t) against the scaled time λt = τ . For this reason, we have fixed the value of β = 50, k = 1/4 and
ω = ω0/2 = λπ/3 while we consider different values of the other parameters. For example, when we consider the atom
in its excited state and χ = 0, the function fluctuates around zero and shows a small period of the revival after onset of
the interaction. This is followed by a long period of collapse, whence we can see another period of revival, in the meantime
the function in this period increases its amplitude and fluctuates between−1 and 1. It is noted that the function is periodic
with period π . When the Kerr-like medium is taken into account by taking χ/λ = 0.5, the function is shifted upward and
displays a short period of collapse followed by successive periods of revivals as in the previous case. It is observed that the
amplitudes of the revivals are smaller comparedwith the case of no Kerr-likemedium. The function is also periodic but with
short period see Fig. 1(b). The atomic inversion amplitude is decreased and revivals are around zero between−0.5 and 0.5,
when the atom starts from the superposition state with θ = π/2 and φ = π/4, and in the absence of the Kerr-medium,
with the periodicity π see Fig. 1(c). Furthermore, it displays a behavior similar to that of the Jaynes–Cummings model (JCM)
with coherent trapping; however, here it may be partial trapping. This may be due to the phase φ [18]. Finally, when we
consider χ/λ = 0.5, the atomic inversion shifts downward almost with the same trued as the case of no Kerr-like medium
butwith slightly smaller period (see Fig. 1(d)). It is worth noting that the atomic inversion for thismodel behaves almost like
the case of the two-photon JCMwith coherent input. Thus, it may not be surprisingwhenwe recall that the Barut–Girardello
state in the realization Kˆ− = aˆ2 for k = 14 ( 34 ) is the even (odd) coherent state. It is to be noted that the Kerr-like medium as
a detuning is shifting the atomic inversion.
4. The phenomenon of squeezing
There are different kinds of squeezing, such as normal squeezing, principle squeezing, variance squeezing, and entropy
squeezing. Most of these kinds depend on the nature of the quantum system we are studying. In fact, they are used
to examine the variation that would occur in the quadrature variances from which we can measure the classical and
nonclassical properties of the system. In the present communication,we shall examine three different kinds of the squeezing
phenomenon. For instance, the entropy squeezing which can be used to measure the nonclassical properties in each
quadrature variance for system contains Pauli operators.
4.1. Entropy squeezing
This kind of squeezing is used to examine the nonclassical properties of the quantum system which contains atomic
operators. It is well known that fluctuations in σˆγ (γ = x or y) of the atomic dipole are said to be squeezed in entropy if the
Shannon information entropy H(σˆγ ) of σˆγ , [19–22]
N+1
γ=1
H(σˆγ ) ≥ N2 ln

N
2

+

1+ N
2

ln

1+ N
2

(30)
where N is an even dimensional Hilbert space, satisfies the condition
E(σˆγ ) =

exp[H(σˆγ )] − 2
exp[H(σˆz)]

< 0, γ = x, y. (31)
To obtain the Shannon information entropies of the atomic operators σˆx, σˆy, and σˆz for a two-level atomwith N = 2, we
can use the time-dependent atomic density elements by tracing over the quantum system to get
ρˆ(a) = TrField|ψ(t)⟩⟨ψ(t)|. (32)
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Fig. 1. The atomic inversion for the two-level atom initially in the superposition state in interaction with su (1, 1) quantum system is initially in
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0 = λπ/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.5, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.5, θ = π/2, φ = π/4. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
Thus, we have
ρ
(a)
12 = ρ(a)∗21 =
∞
n=0

Q (n)Q ∗(n+ 1)F∗11(n+ 1, t)F21(n, t) exp {i(x1(n+ 1)− x2(n))t} cos2
θ
2
+ |Q (n)|2F∗11(n, t)F22(n, t) exp {i(x1(n)− x2(n))t} exp{−iφ}
sin θ
2
+Q (n)Q ∗(n+ 2)F∗21(n, t)F12(n, t) exp {i(x1(n+ 1)− x2(n))t} exp{iφ}
sin θ
2
+Q (n)Q ∗(n+ 1)F∗21(n, t)F22(n, t) exp {i(x1(n)− x2(n))t} sin2
θ
2

, (33)
where
x1(n) = ω

n+ k+ 1
2

+ χ

n+ k+ 1
2
2
−

n+ k+ 1
2

− k(k− 1)

+ 1
4
,
x2(n) = x1(n− 1). (34)
This, in fact, enables us to calculate the expectation values of σˆx and σˆy and consequently we can calculate the Shannon
information entropy from the following:
H(σˆγ ) = −12

1+ ⟨σˆγ ⟩

ln
1
2

1+ ⟨σˆγ ⟩
+ 1− ⟨σˆγ ⟩ ln 12 1− ⟨σˆγ ⟩

, γ = x, y, z. (35)
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Therefore, to discuss the entropy squeezing, we have to plot some figures to display the behavior of the quadrature
variances. When we considered the atom in its excited state and exclude the effect of the Kerr-like medium, the squeezing
occurs in the second quadrature Ey(τ ) after onset of the interaction as it is displayed in Fig. 2(a). The entropy squeezing as
the quadrature Ey(τ ) occurswith periodπ at the position of the atomic inversion revivals (see Fig. 1(a)). However, squeezing
occurs in Ex(τ ) with pronounced values at the middle of the collapse periods of the atomic inversion. Fig. 2(b) exhibits the
effect of the parameter χ , it is noted that the squeezing occurs at both quadratures. It is more pronounced in Ey(τ ) than
Ex(τ ). As time devolves, squeezing disappears in both quadratures as observed in Fig. 2(b). Fig. 2(c) displays the case of
θ = π/2, φ = π/4 while χ = 0; the squeezing is observed several times in the second quadrature but it is pronounced
in the first quadrature Ex(τ ) when it reaches the maximum values. Again note that the squeezing in Ey(τ ) occurs at the
revival times while the squeezing in Ex(τ ) occurs at the middle of the collapse periods of the atomic inversion. Finally, the
effect of χ/λ = 0.01 is included with the superposition state, which is displayed in Fig. 2(d). The squeezing occurs in both
quadratures, however with smaller values in Ey(τ ) than in Ex(τ ). It is destroyed in both quadratures after some time. The
Kerr-like medium seems to degrade the entropy squeezing.
4.2. Variance squeezing
In this context, we can introduce another type of the squeezing that is the variance squeezing. It is well known that for a
quantum mechanical system with two physical observables represented by the Hermitian operators Aˆ and Bˆ satisfying the
commutation relation

Aˆ, Bˆ

= iCˆ , one can write the Heisenberg uncertainty relation in the form
1Aˆ
2 
1Bˆ
2 ≥ 1
4
|⟨Cˆ⟩|2 (36)
where ⟨

1Aˆ
2⟩ = ⟨Aˆ2⟩ − ⟨Aˆ⟩2with similar expression for 1Bˆ2.
Consequently, the uncertainty relation for a two-level atom characterized by the Pauli operators, σˆx, σˆy and σˆz , satisfying
the commutation relation

σˆx, σˆy
 = 2iσˆz can also be written as 1σˆx1σˆy ≥ |⟨σˆz⟩|. Therefore, the fluctuations in the
component1σˆα of the atomic dipole is squeezed if it satisfies the condition
V (σˆα) =

1σˆα −
⟨σˆz⟩ < 0, α = x or y. (37)
In order to see the variance behavior, we have plotted Fig. 3 for different values of the Kerr-like medium parameter. For
this reason, we take the atom in its excited state, β = 50 and χ = 0. In this case, we observe that the squeezing occurs in
the second quadrature Vy(τ ) (red color) after onset of the interaction, however it reoccurs with increasing amount at the
revival period of the atomic inversion (of Fig. 1(a)) with the same periodicity. In the meantime, there is no squeezing in
the first quadrature in Vx(τ ) (blue color), see Fig. 3(a). When we take the effect of the Kerr-like medium into consideration
(χ \ λ = 0.01), we note that the same behaviors, but the squeezing in Vy(τ ) becomes weaker than the previous case and
it is destroyed for begin time, see Fig. 3(b). The situation is different when we consider the atom in its superposition state.
In the absence of χ the squeezing occurs in the first quadrature Vx(τ ) after onset of the interaction and at revival periods
of the atomic inversion with the same periodicity, see Fig. 3(c). On the other hand, for χ \ λ = 0.01, we observe that the
phenomenon of squeezing appeared in the first quadrature Vx(τ ) and absent from Vy(τ ). However, it is not pronounced as
in the previous case where it disappeared after few periods, see Fig. 3(d). Thus, we may conclude that a small amount of the
Kerr-like medium leads to an exchange between the quadrature variances as well as to decrease the amount of squeezing.
4.3. Normal squeezing
In this subsection, we shall consider the squeezing fluctuations; therefore, we define the Hermitian operators as follows:
Kˆx = 12

Kˆ+ + Kˆ−

, Kˆy = 12i

Kˆ+ − Kˆ−

(38)
which satisfy
Kˆx, Kˆy

= −iKˆz,

Kˆy, Kˆz

= iKˆx,

Kˆz, Kˆx

= iKˆy. (39)
From the above relations, we have the uncertainty relation:
1Kˆx
 
1Kˆy

≥ 1
2
|⟨Kˆz⟩|. (40)
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Fig. 2. The entropy squeezing for the two-level atom initially in the superposition state in interaction with su (1, 1) quantum system is initially in
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0 = λπ/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.01, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.01, θ = π/2, φ = π/4.
The fluctuation of the Kˆx or Kˆy component is squeezed if
Wx(τ ) =

1Kˆx
2 − 1
2
|⟨Kˆz⟩|

< 0, Wy(τ ) =

1Kˆy
2 − 1
2
|⟨Kˆz⟩|

< 0, (41)
respectively.
To consider the normal squeezing, we plot the functionWx(τ ) against the scaled time τ ; therefore, we can examine the
effect of different atomic state as well as the Kerr-like medium. In Fig. 4(a), the atom is initially in excited state and the Kerr-
like effects are absent. It is noted that the normal squeezing occurs only in the component and the squeezing phenomenon
occurred only in Kˆx, i.e.Wx(τ ) takes negative values at the revival periods of the atomic inversion with the same periodicity.
During the collapse periods, there is no squeezing. When the Kerr parameter is considered (χ/λ = 0.5), we note that the
same trend is displayed but with smaller amounts of squeezing (Fig. 4(b)). When the case of atomic superposition state is
considered (θ = π/2, φ = π/4), it is observed that squeezing occurs with appreciable values at the revival times and
also exists but with small amounts around the middle of the collapse periods. The amounts of squeezing are lesser than in
the case of the excited state (see Fig. 4(c)). This picture is changed to stronger squeezing when the Kerr parameter is add
(χ/λ = 0.5) (see Fig. 4(c)). However, the amount of squeezing start to diminish as time progresses (see Fig. 4(d)). It is
interesting to find that the Kerr parameter plays two different roles in normal squeezing phenomenon depending on the
atomic state.
5. Linear entropy and entanglement
Wedevote this section to study the degree of the entanglement of the present system and to see the effect of the Kerr-like
medium. The linear entropy is usually used as a tool to discuss the entanglement between quantum systems. It is defined
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Fig. 3. The variance squeezing for the two-level atom initially in the superposition state in interaction with su (1, 1) quantum system is initially in
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0 = π/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.01, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.01, θ = π/2, φ = π/4. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
as follows [23–25]
Γ (τ ) = 1− Υ 2(τ ) , (42)
where Υ (τ ) is the well known Bloch sphere radius defined as
Υ (τ ) =

⟨σˆx(τ )⟩2 + ⟨σˆy(τ )⟩2 + ⟨σˆz(τ )⟩2. (43)
It is remarked that there is a relation between the linear entropy and the uncertainty relation X ≥ 0, which can be
written in the form
X = 1− ⟨σˆx⟩2 + ⟨σˆy⟩2 + ⟨σˆz⟩2+ ⟨σˆx⟩2⟨σˆy⟩2 ≥ 0. (44)
One may use Eqs. (42) and (43) together with Eq. (44), from which we have
X = Γ (τ )+ ⟨σˆx(τ )⟩2⟨σˆy(τ )⟩2 ≥ 0. (45)
Aswe can see from the above equation, there is a strong relation between the degree of entanglement and the uncertainty
relation provided ⟨σˆx(τ )⟩2⟨σˆy(τ )⟩2 ≠ 0. On the other hand, the Bloch sphere has been used as a tool in the field of quantum
optics; therefore, the simple qubit state is successfully represented, up to an overall phase, by a point on the sphere, whose
coordinates are the expectation values of the atomic set operators of the system. From the above equation, it is easy to
realize that the function Γ (τ ) reaches its maximum when Υ (τ ) = 0, where the maximum entanglement occurred. In
the meantime, the disentanglement occurs when Γ (τ ) = 0 corresponding to Υ (τ ) = 1 (pure state). Now, we employ
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Fig. 4. The normal squeezing for the two-level atom initially in the superposition state in interaction with SU (1, 1) quantum system is initially in
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0 = π/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.5, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.5, θ = π/2, φ = π/4.
the expectation value for the operators σˆx(τ ), σˆy(τ ) and σˆz(τ ) which are obtained in the previous sections to discuss the
behavior of the entanglement for the present system.
Aswe havementioned previously, the linear entropy has been used as a tool to discuss the degree of entanglement. Since
the functions are complicated, we have plotted some figures to display the behavior of the function. We plot the function
against the scaled time τ and consider the same parameters as in the previous sections. For the atom in its excited state, we
observe that the function displays disentanglement at the periods of revivals and at themiddle of the collapse periods of the
atomic inversion as well as partial entanglement (see Fig. 5(a)). While almost full entanglement is observed at two points
around the revival time. The effect of the Kerr-like parameter is displayed in the Fig. 5(b) where (χ/λ = 0.5) is taken into
account. Here, we note that these is no disentanglement at any point, whereas strong entanglement is observed at periods
during the collapse period and stronger around the revival periods. The picture is changed when we consider the case of
superposition of the atomic states by taking (θ = π/2, φ = π/4). The case of absent Kerr-medium is recalled in Fig. 5(c)
where disentanglement is observed at exactly the same points as in Fig. 5(a) but it near reaches to maximum entanglement.
The Kerr-like parameter (χ/λ = 0.5) this picture and the system never reaches the complete entanglement, but almost
reaches maximum entanglement as in the case of excited state (see Fig. 5(d)).
6. The correlation function
In this section, we consider the behavior of the correlation for the present system using the same data for the atomic
inversion. The normalized second order correlation function g(2)(t) is used to measure the bunching and anti-bunching as
well as the coherence behavior. It is defined by Ref. [26] in an extension to su (1, 1) operators:
g(2)(τ ) =

Kˆ+
2 
Kˆ−
2

Kˆ+Kˆ−
2 (46)
where the function shows sub-correlated for g(2)(t) < 1, and super-correlated for g(2)(t) > 1, whereas it shows coherence
when g(2)(t) = 1. To display the behavior of the correlation function in the presence of Kerr-like medium, we plot some
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Fig. 5. The linear entropy for the two-level atom initially in the superposition state in interaction with su (1, 1) quantum system is initially in
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0 = π/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.5, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.5, θ = π/2, φ = π/4.
figures against the scaled time τ = λt . For this reason, we plot Fig. 6(a) for the excited state and no Kerr parameter with
the same parameters used in the previous section. In this case, we observe that the function fluctuates regularly around one
and shows several long periods of coherence. These periods of coherence coincide with the collapse periods of the atomic
inversion (see Fig. 1(a)). During the revival periods, the function oscillates between anti-correlated and correlated behavior.
When the Kerr parameter is added, the same trend is noted with the shorter period of coherence strong side with the scene
in the atomic inversion. However, the fluctuations are slighting smaller in the amplitude compared with the previous case
(see Fig. 6(b)). In Fig. 6(c), we consider the atom to be initially in the superposition state. Now, we notice a remarkable
change. The coherence is only attained at points during the collapse or revival time. During the revival times, the function
reaches a highly correlated state. While anticorrelation behavior is occurring at same intervals of the collapse periods, it is
noted that at τ = 2π&4π there is no sharp change to high correlation as at τ = π&3π . The case of addition of the Kerr
parameter has only changes of the details especially change during the revival times as observed in Fig. 6(d). It is noted that
the correlation function g(2) is greatly affected by the initial state of the atom and by the Kerr parameter. The Kerr parameter
lowers the values of the correlations.
7. Conclusion
In the present paper, we considered the interaction between two quantum systems generated by su (1, 1) and su (2)
system in the presence of Kerr-like nonlinearity. The time dependent evolution operator is used to find the wave function,
and hence we managed to calculate some dynamical operators, more precisely σˆx, σˆy and σˆz . These operators are employed
to examine the atomic inversion where the phenomenon of collapse and revival has been displayed. It has been shown that
the Kerr-like medium reduces the amplitude of the function and increases the fluctuations, this in addition shifts above and
below the zero value depending on the atomic state. This behavior is realized for the cases in which the atom is in its excited
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Fig. 6. The correlation function for the two-level atom initially in the superposition state in interaction with su (1, 1) quantum system is initially
Barut–Girardella coherent states for fixed value of β = 50, k = 14 and ω = ω0/2 = λπ/3. (a) χ/λ = 0 and θ = 0, (b) χ/λ = 0.5, θ = 0,
(c) χ/λ = 0, θ = π/2, φ = π/4 (d) χ/λ = 0.5, θ = π/2, φ = π/4.
or superposition states. Also we considered the entropy squeezing, the variance squeezing as well as the normal squeezing.
For the entropy squeezing, it is found that it occurs in both quadratures but it is pronounced in the second quadrature
provided the atom is in its excited statewhereas it is reduced for the Kerr-likemedium.On contrary of the entropy squeezing,
the variance squeezing appears in the first quadrature when the atom is in its excited state and in the absence of the Kerr-
like medium. Similar behavior is realized when the Kerr-like medium takes place. The function exchanged its quadrature
when the atom is in the superposition state with an increase in the amount of squeezing in the presence of the Kerr-like
medium. For the normal squeezing, the function shows squeezing only in the first quadrature Wx(τ ) which is sensitive to
the change in the atomic state as well as a Kerr-like parameter.
Furthermore, we discussed the degree of entanglement using the linear entropy as an indicator where the function
displays disentanglement as well as entanglement for all cases we considered. However, the function shows large periods
of strong entanglement in the presence of Kerr-like medium. Finally, the second order correlation is examined where
correlation and anticorrelation between is exhibited. The effect of Kerr-like medium in this case is to decrease the value
of the correlation function and to increase its fluctuations. It is quite noted that this function is highly affected by the state
of the atom.
It is worthmentioning to state that quantum real systemswill be inevitably influenced by the surrounding environment.
There are different ways of dissipation and decoherent. In general, damping will degrade the degree of entanglement
[27–31]. For a collection of N 2-level atoms, the trimmedDicke state decays exponentially [27]. Effect of atomic spontaneous
emission and cavity dissipation on the output photon leaks from the cavity [28]. It is to be mentioned that generally
entropy increases and entanglement is degraded for Jaynes–Cummings model with cavity damping [29] or without energy
relation [30] and when the state of the atom is mixed and the cavity is phase damped [31,32]. Due to the parameters of the
Kerr-like medium, such system may find application in communications and information processes.
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